This paper studies repetitive control (RC) with linear phase lead compensation to precisely track periodic trajectories in piezo-based scanning probe microscopes (SPMs). Quite often, the lateral scanning motion in SPMs during imaging or fabrication is periodic in time. Because of hysteresis and dynamic effects in the piezoactuator, the tracking error repeats from one scanning period to the next. Commercial SPMs typically employ PID feedback controllers to minimize the tracking error; however, the error repeats from one operating cycle to the next. Furthermore, the residual error can be excessively large, especially at high scan rates. A discrete-time repetitive controller was designed, analyzed, and implemented on an experimental SPM. The design of the RC incorporates two phase lead compensators to provide stability and to minimize the steady-state tracking error. Associated with the lead compensators are two parameters that can be adjusted to control the performance of the repetitive controller. Experimental tracking results are presented that compare the performance of PID, standard RC, and the modified RC with phase lead compensation. The results show that the modified RC reduces the steady-state tracking error to less than 2% at 25 Hz scan rate, an over 80% improvement compared to PID control.
Introduction
Scanning probe microscopes (SPMs), for example atomic force microscopes (AFMs), typically use piezoactuators for positioning the tool tip relative to a sample's surface. These systems commonly operate in a repetitive fashion. For example, in AFM imaging the cantilever probe is scanned across the sample sur-face by applying a triangle input signal to position the piezoactuator [1] [see Fig. 1 ]. As the probe moves back and forth over the sample surface, the vertical tip-to-sample interaction is collected and used to construct an image of the sample's topology. Likewise, in nanoindentation an SPM probe is scanned repeatedly in the same fashion and at specific time instances the probe is lowered to create nano-sized indents [2] . During scanning the hysteresis and dynamic effects in the piezoactuator cause significant positioning errors [3] that repeat from one operating cycle to the next. Unfortunately, the error limits the performance of SPMs, such as causing distortion in images and fabricated features. Therefore, precise control of the positioning is needed to obtain high-resolution, undistorted images of the sample [1] and for fabricating uniformly distributed patterns of nano-sized features for the growth of novel structures [2] . In nanofabrication, the size, shape, and spacing of nano features are important to their functionality. This paper specifically addresses the repetitive tracking error in SPM through the design and application of a discrete-time plug-in repetitive control (RC) system. The proposed RC system can be easily integrated into an existing feedback controller in SPMs to handle tracking error associated with periodic motion and/or to reject periodic exogenous disturbances. The RC system consists of two simple phase-lead compensators to ensure stability and minimize the steady-state tracking error. The main contributions of this paper are to analyze the performance of a discrete-time RC system from a practical viewpoint and to describe the important tuning parameters that affect robustness and tracking performance. Also, experimental results are presented to demonstrate the application of RC for AFM.
Repetitive control, a concept based on The Internal Model Principle [4] , achieves perfect tracking of periodic trajectories [5, 6] . Compared to traditional proportional-integral (PI) or proportional-integral-derivative (PID) feedback controllers for SPM [3] , where careful tuning is required and the residual tracking error due to hysteresis and dynamic effects persists from one cycle to the next, a properly designed RC controller will drive the tracking error asymptotically to zero as the number of operating cycles increases [7] . The RC approach achieves precise tracking by incorporating a signal generator within the feedback loop; the signal generator provides infinite gain at the fundamental frequency of the reference trajectory and its harmonics. Such a controller has been investigated to address run-out issues in disk drive systems [7, 8] , to generate AC waveforms with low harmonic distortion [9] , and to improve the performance of machine tools [10] . However, past work on RC for piezo-based systems and SPMs is limited [11] , but it includes a feedbacklinearized controller with RC for a piezopositioning stage [12] . This work specifically considers the RC approach for SPM and its implementation in discrete time.
A repetitive controller offers many advantages for SPM applications. For one, it can be plugged into an existing feedback controller to enhance performance for scanning operations. For example, when the piezoactuator scans at a location offset from its center position, the periodic tracking error during scanning can be handled by the repetitive controller and the resident PID controller can be used to account for low frequency dynamics such as creep. But when the reference trajectory is not peri- odic, the RC controller can be disabled to allow the feedback controller (and/or a feedforward-based controller [1] ) to compensate for the tracking error. Compared to iterative learning control (ILC) [13] , which is an effective approach that exploits the process of repetition to compensate for hysteresis and dynamic effects in piezoactuators [14, 15] , RC does not require the initial condition to be reset at the start of each iteration trial [6] . Resetting the initial conditions adds another level of complexity during implementation. Furthermore, the design and implementation of RC does not require extensive modeling of the system, where as model-based approaches, such as system inversion [1] , require relatively accurate models. It is pointed out that one of the disadvantages with open-loop feedforward control is the lack of robustness when the system dynamics change, for instance under cyclic loading. On the other hand, the feedback mechanism built into RC provides robustness to parameter variation. At the expense of reduced modeling, the RC approach does require accurate knowledge of the period of the reference trajectory. But in SPMs used for imaging and nanofabrication the reference signal's period is often known in advance, and the required period information is far less a priori information compared to needing to know the shape of the desired trajectory [1, 15] . Another advantage of RC is it can be easily implemented on a microprocessor due to the lack of complicated algorithms to invert the system model. Therefore, newly available high-speed data acquisition and control hardware can take advantage of the simplicity of RC. This means that RC is attractive for controlling video-rate AFM imaging systems with available digital high-speed hardware [16, 17] . Analog circuit designs have been proposed for implementing RC as well [18] .
In the design and application of RC, the major challenges are stability, robustness, and good steady-state tracking performance. The stability and robustness problem has been addressed by incorporating a low-pass filter into the RC loop [19] . Likewise, a simple frequency aliasing filter can be used to stabilize RC and this approach has been applied to a gantry robot [20] . However, a tradeoff is made between robustness and high frequency tracking when such filters are used. The steady-state tracking performance of RC was considered in [21, 22] by cascading a compensator to account for the phase of the low-pass filter. Also, high-order RC was studied in [8] to improve performance and robustness in the presence of noise and variations in period-time. In light of previous work on RC, this paper considers both robust and minimized steady-state error RC design. The majority of previous works considered either one or the other, rarely both. Easy-to-tune linear phase lead compensators are incorporated into the RC design herein. One advantage of the lead compensators is they can be easily implemented in discrete time; therefore, the design can be plugged into existing SPMs to control the positioning of the piezoactuator. The effects of the RC parameters are analyzed and suggestions for how to tune them are provided. Lastly, the proposed RC design was applied to a piezoactuator in a commercial AFM system and experimental results are presented.
The remainder of this paper is organized as follows. First, Section 2 discusses the RC method and the analysis of the proposed RC design for an example experimental AFM. Section 3 presents the experimental application of RC on AFM tracking and the results are discussed. Finally, Section 5 concludes the paper.
Repetitive Control Design and Analysis
Repetitive control is a direct application of the Internal Model Principle [4] , where perfect tracking of a desired periodic trajectory, with period T p , is achieved if the controller consists of the transfer function of the reference trajectory [5, 6, 19] . Such a controller is a signal generator with period T p . One advantage of RC is it can be directly inserted into an existing feedback loop as shown in shown in Fig. 2(a) .
In the discrete-time closed-loop system in Fig. 2 (a), the piezoactuator dynamics are represented by G(z), where z = e j T s , ∈ (0, /T s ). The dynamics were assumed to be linear. In the block diagram, G c (z) is a feedback controller, such as a resident or otherwise added PID controller in the SPM; Q(z) is a lowpass filter for robustness; k rc is the RC gain; and P 1 (z) = z m 1 The transfer function of the signal generator (or RC block) that relates E(z) to A(z) is given by In the absence of the low-pass filter Q(z) and positive phase lead P 1 (z) = z m 1 , the poles of the signal generator are 1 − z −N = 0, hence the frequency response of the signal generator shown in Fig. 3 reveals infinite gain at the fundamental frequency and its harmonics = 2n /T p , where n = 1, 2, 3, ···. The infinite gain at the harmonics is what gives the RC its ability to track a periodic reference trajectory. As a result, RC is a useful control method for SPM in which the operation is repetitive such as the lateral scanning motion for AFM imaging. Unfortunately, the RC also contributes phase lag which causes instability. Therefore, the stability, robustness, and tracking performance of RC must be considered. It is shown below how the RC gain k rc and the phase lead compensators P 1 (z) and P 2 (z) affect the RC system's performance. How these parameters should be chosen will also be discussed.
Stability of RC System
Consider the transfer function relating the reference trajectory R(z) and the tracking error E(z),
where
Multiplying the numerator and denominator of (3) by the sensitivity function of the feedback system without the repetitive controller,
, the sensitivity function of the closed-loop RC system is given by
The stability conditions for the RC system can be determined by simplifying the block diagram in Fig. 2(a) to the equivalent interconnected system shown in Fig. 2(b) , which results in By Assumption 2, S(z) has no poles outside the unit circle in the z-plane, so it is stable. Likewise by Assumption 3, 1 − H(z) is stable. Replacing z = e j T s , the positive feedback closed-loop system Fig. 2(c) is internally stable according to The Small Gain Theorem [23] when
for all ∈ (0, T s ), where the phase lead 2 ( ) is defined by Eq. (1). By satisfying condition (5), the closed-loop RC system shown in Fig. 2(a) is asymptotically stable. In general, both the RC gain k rc and the phase lead 2 ( ) affect the stability and robustness of RC as well as the rate of convergence of the tracking error. Next, condition (5) is used to determine explicitly the range of acceptable k rc for a given Q(z) and G o (z). Also, how the phase lead 2 ( ) affects robustness will be discussed. Afterwards, the effects of the phase lead 1 ( ) on the tracking performance will be shown. The contributions of these individual parameters on the performance of RC will prove useful during the implementation of RC in Section 3.
The RC Gain and Robustness
Let T (z) represent the complimentary sensitive function of the closed-loop feedback system without RC, that is, T (z) = G o (z)S(z). Suppose the magnitude of the low-pass filter |Q(z)| approaches unity at low frequencies and zero at high frequencies, then |Q(e j T s )| ≤ 1, for ∈ (0, /T s ). Next, condition (5) becomes
Replacing the complimentary sensitive function with T (e j T s ) = A( )e j T ( ) , where A( ) > 0 and T ( ) are the magnitude and phase of T (e j T s ), respectively, Eq. (6) becomes
Noting that e j = cos( )+ j sin( ) and k rc > 0, Eq. (7) simplifies to
which gives the following two conditions for the RC gain k rc and linear phase lead 2 ( ) to ensure stability:
Condition (10) implies that the lead compensator P 2 (z) = z m 2 accounts for the phase lag of the closed-loop feedback system without RC. In fact, P 2 (z) enhances the robustness of the closedloop RC system by increasing the frequency at which the phase angle crosses the ±90 • boundary. This frequency value will be referred to as the crossover frequency. The addition of hysteresis effect and unmodeled dynamics which are not captured by the transfer function G o (z) can be taken into account through the lead z m 2 . For example, it has been shown that hysteresis can be treated as phase uncertainty in the open-loop transfer function [24] ; hence, the phase lead z m 2 can be adjusted accordingly [22] .
Tracking Performance
As previously mentioned, aside from designing RC for stability, it is important to also consider the degree by which the tracking error is reduced relative the tracking error of the original feedback system (without RC). By Assumption 1, where the reference trajectory R(z) is periodic, the tracking performance of RC can be analyzed by examining the sensitivity function of the RC system at the frequency multiples of the fundamental within the bandpass of the low-pass filter Q(z), i.e.,
Recalling Eq. (4), the magnitude of the tracking error at multiples of the fundamental p is given by
1−H(e jk p ) 1−krcP 2 (e jk p )Go(e jk p )S(e jk p )

|S(e jk p )|×
|R(e jk p )|,
where W (e jk p ) is the effect due to the RC. Ideally without the low-pass filter Q(z), |W (e jk p )| = 0 at the multiples of the fundamental frequency p . However, the addition of Q(z) for stability causes phase lag in the RC, which shifts the point of maximum gain of the signal generator created by the pure delay z −N [12, 21] . Such a shift inadvertently lowers the RC gain at the harmonics and thus negatively effects the tracking performance of the RC system. But much of the phase lag can be accounted for using the linear phase lead 1 ( ) in the RC loop to improve the tracking performance [22] . Because N >> m 1 , the modified delay z (−N+m 1 ) is causal and can be easily implemented on a microprocessor. Therefore, the value of the phase lead 1 ( ) can be adjusted through m 1 to minimize the factor |W (e jk p )| over the frequency range of the bandpass of Q(z).
Implementation of RC for AFM Scanning
The repetitive control scheme in Fig. 2(a) was implemented on an experimental AFM system.
The Experimental AFM System
The experimental AFM system is the Molecular Imaging (MI, now part of Agilent Technologies) PicoPlus model. The AFM uses a piezoelectric tube-shaped actuator for positioning the cantilever and probe tip. The AFM was customized to permit the application of control signals to control the movement of the piezoactuator in the three coordinate axes (x, y, and z).
The displacements of the piezoactuator were measured with inductive sensors and the signals were accessible through a custom signal access module. An external computer and data acquisition system running custom C code were used to implement the RC control system. The sampling frequency of the data acquisition and control hardware was 10 kHz.
The RC approach was applied to track a periodic reference trajectory in the x-axis as an illustrative example. This axis was the fast-scanning axis because the probe tip was moved back and forth at least 100-times faster than the up and down motion in the y-direction during imaging. For example, a 100×100 pixel image requires the AFM tip to scan back and forth across the sample surface 100 times and slowly move from top to bottom [see Fig. 1(b) ].
Modeling Piezoactuator Dynamics
A linear dynamics model of the piezoactuator was obtained for designing the RC system. The model was estimated from the measured frequency response function. The frequency response of the piezoactuator along the x axis was measured using a dynamic signal analyzer (DSA, Hewlett Packard, Model 35670A). The response was measured over small ranges to minimize the effects of hysteresis and above 1 Hz to avoid the effects of creep [1] . The resulting frequency response curves are shown in Fig. 4 . A linear 12 th -order transfer function model G(s) (dashdot line in Fig. 4 ) was curve fitted to the measured frequency response function. The continuous-time model was then converted to the discrete-time model G(z) using the Matlab function c2d with a sampling frequency of 10 kHz (shown as dash line in Fig. 4) .
Commercial SPMs employ traditional PID feedback controllers to minimize hysteresis, creep, and vibrational dynamics. Prior to integrating the RC, a PID controller was designed for the piezoactuator in the x axis. The PID controller is given by
where the Ziegler-Nichols method was used to tune the controller parameters to K p = 1, K i = 1450, and K d = 0.0002. The PID controller was implemented with a sampling frequency of 10 kHz. The performance of the PID controller to a step reference is shown in Fig. 5(a) . It is interesting to note that without PID control, the open-loop response shows significant overshoot. Also, after 30 ms the drift due to creep becomes noticeable. Creep is a slow behavior and after several minutes the tracking error can be in excess of 20% [14] . On the other hand, the PID controller minimized the overshoot and creep effect.
Closed-Loop PID Control
The response of the PID controller for tracking a triangular trajectory at 1, 5, and 25 Hz are shown in Fig. 5(b) . Triangle reference signals are commonly used in AFM imaging. The tracking error versus time for the three cases are shown in Fig. 5(c) . The error at 1 Hz (low speed) was relatively small, approximately 1.48% of the 10 μm range (±5 μm). However, at 25 Hz (high speed) scanning the error was unacceptably large at 10.70%. Because of vibrational dynamic and hysteresis effects, open-loop AFM imaging is typically limited to less than 2 to 3 Hz. Next, the objective was to further reduce the tracking error by adding a repetitive controller to the PID loop.
Experimental Implementation
Two repetitive controllers were designed, implemented, and their responses were compared to PID control. The first was the standard RC with a low-pass filter Q(z) in the RC loop and no phase lead compensators. The second RC contained the two
Is i = 0 ? Is j = 0 ? phase lead compensators z m 1 and z m 2 to control the tracking performance and stability, respectively.
In the experiment, the reference signal was a 25 μm triangle wave at 5, 10, and 25 Hz. The reference trajectory was smoothed using a two-pole, zero-phase-shift filter with cut-off frequency 250 Hz. Triangle scan signals are typically used for AFM imaging and smoothed to avoid exciting high-frequency dynamics. The cutoff frequency for the low-pass filter Q(z) in the RC loop was 250 Hz. Due to hardware limitations where the sampling frequency was 10 kHz, m 2 = 0 was chosen to give a maximum scan frequency of 25 Hz. The RC gain was chosen as k rc = 0.40 and this value satisfied the condition given by Eq. (9) .
The two repetitive controllers were implemented digitally at a sampling frequency of 10 kHz. Let N be an integer value representing the delay period, the ratio of signal period T p to the sampling period T s . Figure 6(a) shows the equivalent discretetime block diagram for the RC loop, where z −N is a delay of period N. The two phase lead compensators are shown as z m 1 and z m 2 , where m 1 = 6 and m 2 = 0. These parameters, in addition to the gain k rc , were tuned in simulation guided by the conditions (9) and (10) and Eq. (11) . Both the delay and phase leads were implemented using a linear data vector d as shown in Fig. 6(b) with 2N elements. There are two counters i and j: one controls the location where incoming data is stored to the data vector and the other controls the location where data is read and sent. The difference in the indices i and j determines the overall delay −N + m 1 + m 2 , and since N >> m 1 + m 2 , then the delay implementation is causal. The flow diagram for the RC implementation with respect to the linear data vector d is shown in Fig. 6(c) . Upon reaching the end of the array at i = 0 and j = 0, both indices were reset to 2N − 1 and the process was repeated.
Experimental Results and Discussion
The tracking results for the PID, regular RC, and the RC with the phase lead compensators for ±25 μm scanning at 5, 10, and 25 Hz are presented in Fig. 7 and Table 1 . The steady-state tracking errors (last two cycles) are reported as a percentage of the total range; these metrics are described in [14] . Because the action of the repetitive controller is delayed by one scan period, the tracking response for the first period are similar for PID, RC, and RC with phase lead compensation as shown in Fig. 7 . However, after the first period the RC begins to work which is evident by the reduction of the tracking error with increasing time. On the other hand, the tracking error of the PID controller persists from one cycle to the next.
The low speed (5 Hz) scanning results shown in Figs. 7(a1) and (b1) and Table 1 demonstrate that the regular RC controller reduced the maximum tracking error from 2.01% to 0.96% compared to the PID controller, a 52% reduction by comparison. By using RC with the phase lead compensation, an additional 55% improvement in tracking performance was achieved. In this case, the maximum tracking error was 0.43%.
At 25 Hz (high speed), the PID tracking error is unacceptable large at 9.16%. In fact, for AFM scanning operations the maximum tracking error should be less than 2%. The results in Table 1 show that the regular plug-in RC controller was also not able to improve the tracking performance at 25 Hz. However, the RC with phase lead compensation gave lower maximum tracking error of 1.78%. Therefore, the RC phase lead compensation enables precision tracking at high speed. The optimum value of the phase lead via m 1 was chosen through trial-and-error method, where m 1 = 6 gave the lowest steady-state tracking error. This value was first determined in simulation, and then validated in the experiment.
Finally, for scanning offset from the piezoactuator's center position, the results are shown in Fig. 8 . For this offset scanning operation, the PID controller accounted for the low frequency dynamics such as creep and the RC was used for periodic tracking. The tracking results in Fig. 8 show that the RC was effective at minimizing the tracking error.
Conclusions
A discrete-time RC controller was designed and analyzed for an experimental AFM system. The RC can easily be combined with the PID feedback system for precision tracking of periodic trajectories. It was shown that one phase lead affects the stability and robustness of the RC closed-loop system; and the other affects the steady-state tracking precision. Experimental results showed that at 25 Hz scan rate, the maximum error was less than 2% using the improved RC technique, where under PID control the error was 9.16%.
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